We consider bond percolation on the Z d lattice. Let M n be the number of open clusters in B(n) = [−n, n] d . It is well known that E p M n /(2n + 1) d converges to the free energy function κ(p) at the zero field. In this paper, we show that σ
Using term by term differentiation, we also have
χ f (p) is called the mean cluster size. The free energy F (p, h) is defined by
1 n θ n (p)e −hn for h > 0.
If we differentiate with respect to h, then we find
For h > 0, the free energy is infinitely differentiable with respect to p. If h = 0, F (p, 0) is called the zero-field free energy. The zero-field free energy F (p, 0) is a more interesting and more difficult object of study since it is believed that there is a singularity point at p c . By our definition, F (p, 0) = E(|C(0)| −1 ; |C(0)| > 0). Grimmett (1981) Grimmett (1989) ), the limit
exists for all 0 ≤ p ≤ 1. κ(p) is called the number of open clusters per vertex. Grimmett (1981) proved that
, as a function of p, is analytic for p = p c and differentiable on [0, 1] (see Kesten (1982) ). In particular, κ(p) is proved (see Kesten (1982) ) to be twice differentiable at p c for the square lattice. In general, physicists believe that the zero-field free energy is twice, but not three times differentiable at p c . On the other hand, for κ(p), as a limit of random variables, Zhang (2001) showed the following central limit theorem. For p ∈ [0, 1],
Zhang also showed large deviations for M n . In this paper, we show another property for κ(p). By using Sykes and Essam's formula (1964) , we know that for the square lattice,
Proof of theorem.
For any bond b, let v 1 (b) and v 2 (b) be the two vertices of b. Given p, we start by taking the derivative of E p (M n ). Note that
and the event {M n ≥ l} is decreasing. Let {M n ≥ l}(b) be the event that b is a pivotal bond for {M n ≥ l}. By Russo's formula, note that P p (M n ≥ 1) = 1, so 
Let G n (b) be the event that there does not exist an open path connecting 
By translation invariance, the ratio of the first term above is
We use the following lemma to estimate the second term.
Lemma.
Proof. Let A(n, m) = B(n) \ B(m) for m ≤ n, and letĀ(n, m) be the closure of A(n, m). Then
where we may assume that n − √ n is an integer; otherwise we may use ⌈n − √ n ⌉ to replace n − √ n. Let us estimate the first term in the above inequality. 
By (2.5) and (2.6), 1
Therefore, the lemma follows from (2.7). 2
It follows from (2.3), the lemma, and (2.4) that
Now we estimate the variance of M n . We list the bonds in B e (n) in some order:
We define the independent Bernoulli-random variables {ω(b i )} for 1 ≤ i ≤ k to be ω(b i ) = 0 (open) or ω(b i ) = 1 (closed) with probability p or 1 − p. Now we construct the following filtration:
Let the martingale difference be
The variance is 11) where the sum takes over all possible values of c i and
Thus, by (2.11), 12) where I A is the indicator of A. With this observation,
Similarly, note that on Together with (2.13), (2.14) and (2.15),
